The paper focuses on the cross-property connection between the effective electrical conductivity and the overall mass transfer coefficient of a two phase material. The two properties are expressed in terms of the tortuosity parameter which generalized to the case of a material with two conductive phases. Elimination of this parameter yields the crossproperty connection. The theoretical derivation is verified by comparison with computer simulation.
Introduction.
The practical implementation of homogenization schemes to calculate the overall properties of heterogeneous materials often requires information that is not available. The accurate predictions are based on the knowledge of the properties of constituents, relative volume functions, and parameters characterizing the мицроструцтуре. While material properties of the constituents and their volume fractions are generally known, information about morphology of the material may be incomplete or inappropriate. This information, however, may be reconstructed by measuring the set of properties different from ones of interest and using cross-property connections.
Existence of cross-property connections has been recognized first from the observations of qualitative nature. For instance, geophysicists noticed that cracks in rocks increase both the elastic compliance and the fluid permeability; in fracture mechanics, attempts have been made to relate the loss of elastic stiffness of a deteriorating microstructure to lifetime predictions. Quantitative theoretical results on cross-property connections started to appear in 1950's. In works of Wyllie and Rose (1950) , Klinkenberg (1951) , and Wyllie and Spangler (1952) method of evaluation of hydraulic conductivity of porous rock through electrical conductivity measurements has been developed. Pores were filled with electrolyte and the solid skeleton of the porous material was considered as a perfect electrical insulator impenetrable for the liquid. Bristow (1960) derived explicit connection between elastic constants and electrical conductivity for a material containing multiple randomly crack orientated cracks. Levin (1967) interrelated the effective bulk modulus and the effective thermal expansion coefficient of a two phase isotropic composite. Prager (1969) constructed Hashin-Shtrikman-based bounds for the effective magnetic permeability (or electrical conductivity) in terms of the effective thermal conductivity of a two-phase isotropic material.
Later, many results have been obtained on correlation between linear elastic and conductive (thermal or electrical) properties of heterogeneous materials. Cross-property bounds have been obtained by Milton (1984) and Torquato (1995, 1996 a,b) ; explicit approximate connections have been derived by Sevostianov and Kachanov (2002) (see also Sevostianov, 2003;  and review Sevostianov and Kachanov, 2009) . Exact connections between normal compliance and spreading resistance of two contacting surfaces have been developed by Barber (2003) , Sevostianov and Kachanov (2004) and Sevostianov (2010) . Connections between electrical conductivity and fluid permeability of a porous material have been developed by Torquato (1990) and Avellaneda and Torquato (1991) under assumption that the solid skeleton does not conduct electricity and the physical properties are refer to the porous space filled with electrolyte (such a situation is typical, for example, for geophysical applications). Generally speaking, cross-property connections can be developed if microstructural parameters controlling two physical properties are either the same or similar (see review of Sevostianov and Kachanov, 2009) .
Another possibility appears when the properties of interest are governed by supplemental parameters, like in the case of elastic properties and electrical conductivity of saturated rock, where the latter is determined by microgeometry of the porous space and elastic properties are controlled by the morphology of the solid phase. Berryman and Milton (1988) derived variational cross-property bound for such a case. Sevostianov and Shrestha (2010) , using results of Sevostianova et al (2010) , derived connections between fluid permeability of a porous material and electrical conductivity through the solid skeleton. They developed variational bounds and explicit closed-form connection between the two physical properties. Their results were numerically verified by Garsia and Sevostianov (2012) In the present paper, we consider a porous material with electrically conductive skeleton. The pores are assumed to be filled with electrically conductive liquid. Diffusion of a substance of interests is possible in the liquid as well as in the skeleton. The paper focuses on the problem of the evaluation of the overall mass transfer coefficient of such a material from the electrical conductivity measurements. The derivation is based on the elimination of the microstructural parameter -tortuosity of the porous space -that governs both the properties. Analytical derivations are compared with FEM calculations.
2. Tortuosity as a microstructural parameter in the context of mass transfer and electrical conductivity: the concept and the history of terminology.
The electrical and mass transport performances of any porous material are strongly dependent on their three-dimensional (3D) microstructures, which include the porosity, pore sizes and shapes and connectivity of the porous space. These microstructural parameters can be collectively described as the "tortuosity of the porous space" (see, for example, Chen et al, 2013) .
The term tortuosity, to the best of our knowledge, has been first introduced by Thomson and Tait (1879) in the context of curvature of a non-plane curve (see Sections 7-9 of their book).
Noting
the angle between the osculating planes at two points at a distance from one another  s  along the curve, they defined tortuosity of a curve as a derivative
(we use subscript "T-T" to identify definition of Thomson and Tait) . In the beginning of XX century term tortuosity was adopted in medicine to describe (qualitatively) spatial curvature of blood vessels (see, for example Edington (1901) or Cairney (1924) . Later, Carman (1939) suggested to use this term to describe curvilinear character of porous space in the context of hydraulic conductivity. Carman defined it as the ratio of the effective length ( ) of the fluid flow e L path to the apparent length ( ) of a specimen:
Due to obvious uncertainty of this definition and difficulties associated with its practical implications, Wyllie and Rose (1950) , Winsauer et al (1951) , and Cornell and Katz (1953) suggested to use different kind of tortuosity related to the resistivity factor (sometimes this  F factor is also called electrical formation factor or electrical retardation factor):
is the bulk (effective) electrical conductivity of the porous material completely eff k saturated by electrolyte, is the conductivity of the electrolyte, and is the ratio of the apparent 0 k  cross-sectional area of the conducting electrolyte to the total cross-sectional area of the specimen.
This ratio, however, varies from one cross-section to another and it is unclear, which value is appropriate -maximum, minimum, average or anything else (see Sevostianova et al, 2010) . Perkins et al (1956) suggested an experimental procedure to estimate tortuosity and showed  that, for completely saturated sandstone, the resistivity factor, tortuosity and porosity are p interrelated by
It means, in particular, that parameter in (2.3), porosity, and tortuosity are interrelated by 
Remark. An important consequence of the tortuosity definition according to (2.4) is its tensor character. Indeed, since electrical conductivity is a symmetric second rank tensor, it immediately follows from (2.4) that tortuosity is also a symmetric second rank tensor such that (2.6)
For isotropic materials
, and the tortuosity can be considered as a scalar.
Note, that definition of tortuosity via electrical conductivity does not clarify the micromechanical meaning of this parameter (it is still unclear, how it can be evaluated from, say, photomicrographs of a porous material), however, it allows one to easily obtain variational bounds for tortuosity using known results for conductivity. Namely, Hashin-Shtrikman bound for conductivity of a porous material is (Hashin and Shtrikman,1962) .
(2.7)
It immediately yields the corresponding bound for tortuosity:
Similarly, Beran's bound for conductivity has the following form (Beran 1965 (Beran , 1968 
This inequality involves the microstructural parameter expressed in terms of three-point  correlation function as follows: factor rather than tortuosity, as discussed by Clennell (1997) . Pride (1994) has shown that electrical tortuosity (2.3) is one of four fundamental properties of a porous medium that are measurable, and rigorously interrelated (the others are porosity, steady hydrodynamic permeability and the electrical length-scale lambda). This rigorous definition does not involve the concept of an effective path length (2.2). Steady-state tortuosity represents an average of transport through all available flow pathways. The details of pore structure are only resolved if we consider unsteady transport processes.
Application of tortuosity concept to different phenomena has been discussed in detail by Clennell (1997) . He pointed out that tortuosity means different things to different people. He distinguished between geometrical tortuosity (objective characteristic of the pore structure). The second class of tortuosity measures are 'retardation factors' extracted from the transport properties of the porous medium. Electrical tortuosity (2.3), and the diffusional tortuosity (2.12) are examples. Third, he considers tortuosity parameters that enter into some simplifications of a real pore space, such as a network model. Finally, he mentioned tortuosity as an adjustable parameter in empirical models. He pointed out that, different tortuosities can be compared if one converts the transport to an overall flux, and compares the efficiency of the transport in the specimen with an idealized case that has maximum efficiency. Due to that, it is possible to prove that the electrical tortuosity (2.3) and diffusional tortuosity (2.12) are identical in the steady state, i.e. (2.13)
In the present work we use this result to establish explicit cross-property connection between the said properties. The existing results has been developed under assumption that one of the phases is electrically insulating (note that the definitions of (2.3) and (2.12) assume that one of the phases is conductive and one is insulating). The concept of the tortuosity is not strictly defined for the systems in which both the phases are electrically conductive and open for diffusion. To extend the concept of tortuosity to this case, we use the replacement relations approach recently developed by Chen et al. (2017a) .
3. Two phase material with conductive constituents: replacement relations for electrical conductivity.
In this section we extend the applicability of the tortuosity parameter to the case, when both the phases are electrically conductive and penetrable for diffusion. For this goal, we consider the problem of the change in overall electric properties of a material upon the changing properties of one of its phases (replacement relations) (see Figure 1) . For elastic properties, this problem was first addressed by Gassmann (1951) In the case of the isotropic mixture of two isotropic phases, expression (3.1) can be rewritten in the form:
where is overall conductivity of the composite with both phases being conductive and having eff k conductivities and (Fig 2a) , and is the overall conductivity of the comparison 
H H
In the case of the isotropic mixture of two isotropic phases, expression (3.9) yields the following replacement relation for diffusion coefficients (that has the same form as (3.2)): (Fig 2b) . Expression (3.10) completely coincides with (3.2).
As discussed by Chen et al (2017 b) , replacement relation have the same shape in all the homogenization schemes based on the concept of effective field -Mori-Tanaka-Benveniste, Kanaun-Levin, Maxwell, etc.
Note, that the replacement relations (3.2) and (3.10) are approximate -they turn to be exact only in the case when one of the phases is represented by isolated ellipsoidal inhomogeneities.
This approximation, however, shows good accuracy for rather irregular microstructures, as shown by application of its more complex elastic analogy -Gassmann's equation -in geophysics (Berryman, 1999; Avseth et al, 2006) .
Connection between electric conductivity and diffusion coefficient.
In this Section we derive the connection between electric conductivity and diffusion coefficient of an isotropic two-phase material when both phases are electrically conductive and penetrable for a diffusant (to evaluate the overall diffusion coefficient from the electric conductivity measurements). For this goal we express both properties using replacement relations (3.2) and (3.10) and tortuosity parameter that is common for both the properties.
We start with equations (2.3) and (2.4) that express retardation factor for conductivity as . Substitution of this expression into (3.2) yields
Thus the resistivity factor (retardation factor for conductivity) is expressed in terms of effective F conductivity of the composite and conductivities of its two phases, and as
In the same manner, combining (3.10) with (2.12), we can write for the effective mass transfer coefficient (4.3)
Taking into account (2.13), we can obtain, after some algebra, from (4.2) and (4.3) Expressions (4.4) and (4.5) constitute the cross-property connection between overall diffusion coefficient and electrical conductivity of a two phase isotropic material where both the phases are electrically conductive and penetrable for a diffusant. Since this cross-property connection is based on approximate replacement relations (3.2) and (3.10), their accuracy must be verified. In the next section we do it using finite elements method.
Computer simulation.
To verify expression (4.4), we model the material microstructure using interpenetrating spheres that are randomly located in a reference volume. We start with sphere packing in a unit cell (UC) following procedure described by Drach et al (2016) . The main challenge is the surface re-meshing required to remove overlapping regions and achieve a consistent error-free surface mesh suitable for 3D meshing. It has been done using voxelization method described by Nooruddin and Turk (2003) . The idea of the method is to create a regular array (corresponding to a 2D projection of the model) of parallel (voxel-size spaced) rays going through the 3D model and determine the intersection between rays and model polygons. The voxel representation of the model is then constructed based on the determined intersections. Once the voxelization is completed we can reconstruct the surface mesh. For this goal, we used Marching Cubes algorithm (Lorensen and Cline, 1987) implemented in Matlab function called "isosurface.m" that extracts a polygonal mesh of an isosurface from voxels (cuberille grid). In order to generate equal element size structure and produce smoothed model we utilize smoothing method (Taubin, 1995) . The final structure is presented in the Figure 3a . The surface mesh was imported into commercial FEA software MSC Marc/Mentat for preparation of the model and subsequent analysis. The UC is auto meshed with non-linear tetrahedral 3D elements (see Figure 3b) . In FEM analysis, we considered microstructures with volume fractions of phases varying from 30% to 70%.
After generating the volume mesh material properties have been assigned to the phases.
We used the ratio and varied from 2 to 10. Two types of boundary conditions 5 . governed by phase tortuosities -parameter that was originally developed for the cases when only one of the phases is electrically conductive. We used the replacement relations for conductivity and mass transfer and extended the tortuosity concept for the case when both phases are conductive and penetrable. This work was inspired by needs in biomedical engineering related to quantification in the areas of cancer diagnostics and therapy. There is a number of qualitative and phenomenological results in this area -variation of dielectric properties due to cancer has been reported by Peyman et al (2015) , correlation between conductivity and prognosis factor in invasive breast cancer has been observed by Kim et al (2016) , methods of image analysis for estimation of tortuosity parameters has been used by Baish et al (1996) , Bullitt et al (2003 Bullitt et al ( , 2005 Bullitt et al ( , 2006 Non-conductive skeleton Conductive Skeleton (phase "A")
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